Indexes derived from the non-linear end-systolic pressure-volume relation (ESPVR) are introduced in a way to study the performance of the left ventricle of the heart. The study sheds some light on the problem of heart failure with normal or preserved ejection fraction (HFpEF). It is shown that the ejection fraction (EF) is one index of several indexes that can be derived from the ESPVR in order to assess the performance of the left ventricle. Pressures acting on the left ventricle (ordinates of the ESPVR) as well as areas under the ESPVR (units of energy) can be used in assessing the performance of the left ventricle. Keywords: cardiac mechanics, mathematical physiology, pressure-volume relation in the ventricles, peak isovolumic pressure, active force of the myocardium, ventricular elastance, heart failure with preserved ejection fraction.
Introduction
In previous studies the author has introduced a new relation that can be used to calculate the non-linear end-systolic pressure-volume relation (ESPVR) in the left ventricle. This relation is based on a mathematical formalism in which the active force of the myocardium is introduced in the mathematical formalism describing the pressure-volume relation (PVR) in the left ventricle [1] [2] [3] [4] . In a quasi-static approximation (inertia forces and viscous forces neglected) the active force of the myocardium is also called isovolumic pressure P iso by physiologists, it is the pressure generated by the myocardium on the endocardium (inner surface of the myocardium) during a non-ejecting contraction of the myocardium. In this study we shall use the notation P iso for the active pressure of the myocardium, and P isom for its maximum value corresponding to the maximum state of activation of the cardiac muscle near end-systole.
In the following it is shown that the ejection fraction (EF) is simply one of several parameters that can be derived from the ESPVR to assess the performance of the left ventricle. Moreover the stroke volume (SV), and consequently the EF, can be directly related to the parameters describing the ESPVR, like slopes of the curve, areas under ESPVR having units of energy, pressures acting on the myocardium (ordinates of the curve), or ventricular volume changes (abscissas of the curve). This fact offers the possibility of a new understanding of the problem of heart failure with normal or preserved ejection fraction (HFpEF) in terms of the parameters describing the ESPVR introduced in this study.
Mathematical model

Non-linear ESPVR
As in previous publications [1] [2] [3] [4] , the left ventricle is represented as a thickwalled cylinder contracting symmetrically (see fig. 1 ). A helical myocardial fibre is projected on the cross-section as a dotted circle as in fig. 1 , it will generate a Cross-section of a thick-walled cylinder representing the left ventricle. A helical muscular fibre in the myocardium is projected on the cross-section as a dotted circle; a radial active force D r (r) (force/unit volume of the myocardium) is generated by the muscular fibre. Ventricular pressure = P, outer pressure = P o (neglected in the calculation), inner radius = a, outer radius = b, thickness of the myocardium h = b -a.
radial active force D r (r) per unit volume of the myocardium and consequently an active pressure on the endocardium given by (1) whereD is an average value obtained by applying the mean value theorem, h = b -a = thickness of the myocardium, a = inner radius, b = outer radius of the myocardium. We shall use the notation P iso =Dh as indicated in the introduction, P iso reaches its maximum P isom (peak isovolumic pressure) near endsystole when the cardiac muscle reaches its maximum state of activation. In a quasi-static approximation (viscous and inertia forces neglected) the equilibrium of forces on the endocardium when the cardiac muscle reaches its maximum state of activation is given by (see fig. 1 ) (2) where P m is the corresponding value of the left ventricular pressure P, V m the corresponding value of the left ventricular volume V (We have V m  V es the endsystolic volume when dV/dt = 0), the elasticity coefficient E 2m = tan 2 is the slope shown of the line CD in fig. 2 . The right-hand side is the pressure generated on the endocardium due to the change of volume from V ed to V m . The outer pressure P o in fig. 1 is neglected.
In fig. 2 the point D of coordinates (P m , V m ) will describe the ESPVR represented by the curve BDC as if a balloon is inflated against a constant P isom . Equation (2) can be split into two equations as follows:
(3) (4) As shown in fig. 2 , V om is the intercept of the ESPVR with the volume axis. We have also the notation E 1m = tan 1 (slope of the line DB) and E m = tan (slope of the line CB). Equations (2) and (3) are two different ways to express the relation between P m and V m on the ESPVR represented by the curve BDC, the mathematical expressions of this curve and slope coefficients are given in [5] [6] [7] . The slopes E 2m = tan 2 , E 1m = tan 1 and E m = tan correspond to the maximum elastance E max in the linear model of ESPVR [8] [9] [10] [11] . The following slopes of the ESPVR are also used in this study (see fig. 2 ): (5) is the tangent to the ESPVR at point D with coordinates (P m , V m ), V ot is the intercept of the tangent with the volume axis and P t is the ordinate of the intercept of the tangent with the vertical line AC. tangent to the ESPVR at point B (0, V om ) (6) tangent to the ESPVR at point C (P isom , V ed )
where V o2 is the intercept of the line CD in fig. 2 with the volume axis. (9) where P s is the ordinate of the intercept of the line BD the vertical axis AC.
= slope of the line P isom V om (line BC) (10) arterial elastance near end-systole (11) Figure 2 : Non-linear ESPVR represented by the curve BDC, the point D on the ESPVR has coordinates (P m , V m ). E m = tan slope of the line BC, E 2m = tan 2 slope of the line B 2 C, E 1m = tan 1 slope of the line BD (the intersection of which with the vertical line AC is the point with ordinate P s ), tan 1 is the slope of the tangent at point B to the curve BDC, tan 3 is the slope of the tangent at point C to the curve BDC, tan is the slope of the tangent at point D to the curve BDC (the intersection of which with the vertical line AC is the point with ordinate P t ), e am is the slope of the line DA and corresponds to the arterial elastance.
From the previous relations one can easily derive the following ratios (12) Equations (12) give an idea of the many relations that exit between the stroke volume SV (and consequently ejection fraction EF = SV/V ed ) and the parameters describing the ESPVR. It shows that the EF can be studied by a careful study of the parameters describing the ESPVR, which can bring a new insight in the problem of HFpEF. It is evident that the parameters describing the ESPVR reflect in some way the state of the myocardium.
Areas under the ESPVR
When the point D with coordinates (P m , V m ) moves along the ESPVR (see fig. 2 ), the stroke work SW  P m (V ed -V m ) is maximum under the following condition:
which by using eqns (5) and (11) gives (14) corresponding to SW = SW x (maximum stroke work), P m = P mx and V m = V mx .
The stroke work reserve SWR [3] is an expression of the difference between the stroke work SW and its maximum value SW x . We have
SWR measures the ability of the heart to increase its output under increase of load demand as reflected by an increase in P m , it gives an interesting index for the evaluation of the ventricular performance. One can distinguish the following conditions: a) tan < e am , with P m < P mx , V m < V mx and SW < SW x . It corresponds to a normal state of the heart. An increase of P m due to increase in load demand results in a corresponding increase in SW. b) tan x = e amx , with P m = P mx , V m = V mx and SW = SW x . It corresponds to a mildly depressed state of the heart. An increase in P m due to increase in load demand results in a decrease of SW. c) tan > e am , with P m > P mx , V m > V mx and SW < SW x . It corresponds to a severely depressed state of the heart. An increase of P m due to increase in load demand results in a severe decrease in SW causing cardiac insufficiency and heart failure.
Application to medical data
The medical data are taken from the work of Azancot et al. [12] and are reproduced in Table 1 of this study. There are four clinical groups shown in Table 1 , normal group, hypertension, dilated myocardium and volume overload. The values of V om , V ot , V o2 and P isom in Table 1 for the four clinical groups have been calculated by using the exact expressions of the slopes using the procedure indicated in [5] (in other words we did not use the approximation log(1 + x)  x as discussed in [5] ). The left ventricular pressure P m near end-systole has been approximated by the mean arterial pressure map given in [12] . We have verified that slight variation of P m around map does not affect the results obtained. Figure 3 shows the relations of V ot with V om and V o2 with V om , it confirms what is known from the study of linear ESPVR [8] [9] [10] [11] that the values of V om (and V ot , V o2 ) tend to be smaller for the normal state of the left ventricle and to increase in case of cardiomyopathies with a shift of the ESPVR to the right. Notice the overlap between normal cases (*) and cases of hypertrophy (x). A linear least square fit between V ot and V om gives V ot = 0.792 V om -0.886 with correlation coefficient r = 0.99. Figure 4 shows relations between tan and tan that confirm again what is known from the study of linear ESPVR, that the value of the slope of the ESPVR tends to be higher in the normal state of the left ventricle and lower in cases of cardiomyopathies. Again we notice the overlap between normal cases (*) and some cases of hypertrophy (x) in fig. 4 . Relations between the volume intercepts V om , V ot and V o2 shown in fig. 2 and reported in Table 1 . Notice that the values of V ot and V om tend to be smaller for the normal group; normal group *, hypertension x, volume overload o, dilated MC +.
The quantity (V mx -V m )/(V ed -V m ) measures the relative deviation of V m from V mx , the ventricular volume corresponding to the case where the stroke work SW is maximum and equal to SW x . When (P m , V m ) moves along the ESPVR, the case V mx -V m < 0 corresponds to a severely depressed state of the heart as discussed in the previous paragraph. The stroke work reserve SWR = SW x -SW can be used also to identify normal from abnormal state of the myocardium. These two quantities are shown in fig 5 with the ejection fraction EF as abscissa. In fig. 6 are graphical relations derived from eqns (12) . One can notice the trend in figs 5 and 6 that indicates that cases of cardiomyopathies correspond to small EF and small values of the volumes ratios indicated. From figs 5 and 6 when SWR = 0 (or V m = V mx ) we observe the ratios V ed = end-diastolic volume, V es = end-systolic volume, V ω = volume of myocardium, map = mean arterial pressure (assumed  P m ), P isom = peak isovolumic pressure based on non-linear model, P t = defined in eqn. (5), V om = intercept of the non-linear ESPVR with the volume axis, tan/e am and tan/e am as defined in text. Experimental values of V ed , V es , V ω /V ed and map taken from Azancot et al. [12] .
experimentally in [8] [9] [10] by using a linear model for the ESPVR. This ratio tends to be relatively smaller in cases of cardiomyopathies with evident exceptions and fluctuations as can be noticed from Table 1 . Figure 5 shows that V m = V mx One can notice from eqns (14) and (16c) that tan = e am when SV/(V ed -V ot ) = 0.5 corresponding to SW = SW x , in which case the difference between the angles  and  is relatively small (see fig. 4 ). From Table 1 we see that the ratio tan/e am  2 for the normal group, which corresponds to a result verified corresponds to SV/V ed  0.3 and SWR = SW x -SW = 0. The values of the different ratios in fig. 6 for SV/V ed  0.3 are indicated in eqns (16). From fig. 6 one can see how the value of the ejection fraction SV/V ed is directly linked to the values of V ot , V o2 , V om .
The results presented in figs 4 to 6 show that the overlap between some cardiomyopathies and the normal group is not completely eliminated, but fig. 7 shows that a discrimate representation of the data calculated for the four clinical groups presented in Table 1 is possible. In fig. 7 (right) one can see that by replacing the variables y = (V m -V o2 )/SV and x = SV/(V m -V ot ) by (y + mean(y))/std(y) and (x + mean(x))/std(x) for each clinical group, one can obtain a better discriminate separation of the four clinical groups. Similar observation was done by using other parameters. (left) Relation between the tangents tan and tan; (right) Relation between tan/e am and tan/e am as calculated in Table 1 . Notice that these values tend to be smaller in cases of cardiomyopathies; normal group *, hypertension x, volume overload o, dilated MC +. 
Conclusion
The study of cardiomyopathies with normal ejection fraction and the related problem of HFpEF has been the object of extensive studies in recent times. In this study we have derived some relations between the ejection fraction and some parameters describing the non-linear ESPVR that give some new insight in the way these parameters influence the ejection fraction. Evidently the ESPVR and its parameters reflect in some way the state of the myocardium. No one parameter derived in this study allows a full discriminate analysis between the four clinical groups presented. But the new parameters introduced opens the possibility of multivariate analysis that can lead to a better discriminate separation of the results calculated for different clinical groups.
